New Lie symmetry classification of the known class of reaction-diffusion-convection equations is presented. The classification method is based on combining the standard group classification method and the form-preserving transformation approach.
Introduction
In this paper we deal with the well-known class of the non-linear reaction-diffusion-convection (RDC) equations
where u = u(t, x) is an unknown function and A(u) = 0, B(u) and C(u) are arbitrary differentiable functions. Hereinafter the t and x subscripts to functions denote differentiation with respect to these variables. Class of Eqs. (1) generalizes a great number of the known non-linear second-order equations describing various processes in biology [1, 2] , ecology [3] , physics [4] and chemistry [5] .
Equations of the form (1) have been very widely studied by means of the numerical, qualitative and asymptotic analysis and there is a vast literature on these topics. Here we restrict ourselves on generalization of the known results and the exhibition of new results obtained by application of the classical Lie method and its modern generalizations.
We remind the reader that S. Lie [6] was the first to calculate the maximal invariance algebra of the linear heat equation
i.e., (1) in the case A = 1, B = C = 0. In the case B = C = 0, the known non-linear heat equation
is obtained from (1) . Lie symmetries of Eq. (3) were completely described by Ovsiannikov in [7, 22] . It should be stressed that this paper is the remarkable work because the first time the problem of Lie symmetry classification was completely solved for a class of non-linear partial differential equations. Several papers were devoted to extension of Ovsiannikov's result on other equations of the form (1) [8] [9] [10] [11] [12] [13] [14] . The papers [8] and [13, 14] contain the complete description of Lie symmetries for (1) with B = 0 and B = 0, respectively, so that the results obtained here will be compared with those from [8] and [13, 14] .
First of all, we stress that Ovsiannikov's method of Lie symmetry classification is based on the classical Lie scheme and a set of equivalence transformations of the given differential equation. The formal application of this method to equations containing several arbitrary functions (Eq. (1) contains three arbitrary functions) leads to a large number of equations admitting different Lie algebras of invariance. Our approach of Lie symmetry classification of differential equations is based on the classical Lie scheme and on finding and then making systematical use of the sets of local transformations that reduce any differential equation with a Lie algebra of invariance to one given in the relevant list. This approach has earlier been applied also for reaction-diffusion systems [15] [16] [17] [18] and diffusion-convection systems [19] . In the particular case, it was found that there are only 10 non-equivalent reaction-diffusion systems with variable diffusivities admitting non-trivial Lie symmetries [17] , moreover this result has been extended on the multidimensional reaction-diffusion systems [18] .
Recently, we paid our attention to the notion of form-preserving point transformations introduced in [20] . These transformations present the most general form of local substitutions, which can map any equation from a given class to another one belonging to the same class. Form-preserving transformations contain as particular cases the known equivalence transformations [21] used in Ovsiannikov's method of group (Lie symmetry) classification and discrete point transformations, which are not obtainable by the classical Lie method [6, 22] .
It the case of Eq. (1) one can essentially extend the Ovsiannikov group classification method and its modification mentioned above, because all local substitutions found in [8] and [13, 14] are nothing else but form-preserving transformations for the class of Eqs. (1) . Taking this into account, the main objective of this paper is to construct the complete list of so-called canonical RDC equations with non-trivial Lie symmetry algebras by combining the standard method of group classification and the form-preserving transformation search. As a consequence, new group classification of the RDC equation (1) is obtained.
It should be noted that form-preserving transformations were applied to derive the complete Lie symmetry classification of classes of diffusion-convection and reaction-diffusion equations with variable (with respect to the independent variable x) coefficients in the recent papers [10, 23] .
The paper is organized as follows. In Section 2, we show that there are nine subclasses of (1) containing thirty equations, which are non-equivalent with respect to the equivalence transformations and admit non-trivial Lie symmetry algebras. In Section 3, we prove a theorem that presents all possible form-preserving transformations for (1) in the explicit form. Using these transformations we further reduce the list of RDC equations with non-trivial Lie symmetry algebras obtained in Section 2 to the list of canonical equations containing fifteen equations. Finally, the main results of the paper are summarized and discussed in Section 4.
The classical group classification of the RDC equation (1)
The method of group classification of differential equations suggested by Ovsiannikov [22] is based on the classical Lie method and a set of equivalence transformations of a given equation. Here we present the subsequent and rigorous application of this method to Eq. (1) . In contrary to the paper [13] , we do not assume any constraint on the function B (u) .
First of all, we find the group of equivalence transformations using the well-known procedure [21] .
Theorem 1. The group of equivalence transformations of the RDC equation (1) is generated by the infinitesimal operator
where the coefficients are given by the formulae
and κ 0 , κ 1 , κ 2 , g, d 0 , d 1 , and d 2 are arbitrary constants.
Thus we obtain the set of equivalence transformations
preserving the form and Lie invariance algebra (up to equivalent representations) of any fixed equation from the class (1). These transformations will be further applied to unite the RDC equations with the same Lie symmetry. Obviously, Eq. (1) with any fixed triplet of the functions A, B and C is invariant under the Lie algebra generated by the operators of time and space translations. Hereinafter, following the paper [13] , this Lie algebra is called the trivial Lie algebra. We are interested to define structures of all those equations, which admit a non-trivial algebra of invariance, i.e. three-and higher-dimensional Lie algebra. 
generating maximal algebra of invariance (MAI) of (1), if and only if its coefficients ξ 0 = ξ 0 (t, x, u), ξ 1 = ξ 1 (t, x, u), and η = η(t, x, u) satisfy the determining equations
where the dot above the functions A, B and C and the lower subscript u to all other functions denote differentiation with respect to u.
Since the general solution of (8) has the form
where ξ 0 (t), ξ 1 (t, x), α(t, x) and β(t, x) are arbitrary smooth functions, system (9) takes the form
Obviously system (11) with arbitrary functions A, B, C has the general solution
where d 0 and d 1 are arbitrary constants. Operator (7) with coefficients (12) generates the trivial Lie algebra of (1). However, we are interested in the cases when the solution of system (11) leads to a non-trivial Lie algebra. Since the functions ξ 0 , ξ 1 , α and β do not depend on the variable u, one can obtain each solution (A, B, C) of (11) from the system of ordinary differential equations Table 1 No.
Initial equations Equivalence transformations
Simplified equations 
The relation between systems (13) and (11) is given by the formulas
where ϕ = ϕ(t, x) is a non-zero smooth function and k i , i = 1, . . . , 12, are arbitrary (at the moment) constants. It should be stressed that an arbitrary solution of (13) does not lead automatically to the RDC equation and the relevant Lie symmetry. In fact, one needs to substitute this solution into (11) , solve the system obtained with respect to the functions ξ 0 , ξ 1 , α and β, and construct the infinitesimal operator (7) in an explicit form.
To construct all possible solutions of (13) we analyze this system along the zero and non-zero values of the constants k 1 , k 2 and k 3 . It means that it is necessary to consider eight cases (some of them can be combined) and we present four of them in details.
Consider the simplest case (i)
Taking into account (14) , system (13) is reduced to the form
One easily sees that a non-trivial Lie algebra occurs only under the condition ξ 0 t = 0 otherwise the general solution of (15) has the form (12) . The condition ξ 0 t = 0 immediately gives B(U ) = λ 1 ∈ R and C(U ) = 0. The relevant RDC equation is listed in case 1 of Table 1 .
Case (ii) k 1 = k 2 = 0, k 3 = 0 immediately leads to the condition A(U ) = 0 and it contradicts to the assumption that (1) is the second-order equation.
In case (iii) (14) lead to α = 0 and k 5 = k 9 = k 11 = 0 and system (13) takes the formȦ
where
are arbitrary constants at the moment. Using (14) and (17), one easily arrives at the system
to find the functions ξ 0 , ξ 1 , α and β.
First of all we want to find compatibility constraints of system (18)- (21) . Eqs. (18) and (19) give
what leads to the constraint
On the other hand, differentiating (19) with respect to x and taking into account (22) one obtains the constraint
Differentiating (18) and (19) with respect to t and (20) with respect to x and using (23), we find the compatibility constraint
The compatibility constraint (24) leads to four different subcases that can be considered step by step. Consider the first subcase m = 0; k 2 ; k. Solving (23) and (24) we immediately obtain β = constant = 0 and then the conditions m 1 = m 3 = m 4 = 0 follow from Eqs. (21) . Thus, the general solution of (16) has the form
where λ 0 = 0, λ 1 = −m 2 /m, λ 2 and λ 3 are arbitrary constants. So, the relevant RDC equation takes the form
and it is listed in case 2 of Table 1 . This equation admits a non-trivial Lie algebra, because β = 0.
In the second subcase m = 0, constraints (22)- (24) and Eqs. (18)- (21) again lead to the conditions m 1 = m 3 = m 4 = 0 and β = 0. However, the general solution of (16) has the form
where λ 0 = 0, λ 1 , λ 2 = m 2 and λ 3 are arbitrary constants. The relevant RDC equation with a non-trivial Lie algebra is listed in case 3 of Table 1 .
In the third subcase m = k 2 = 0, constraints (22)- (24) are automatically fulfilled and any non-vanish solution of (21) generates a non-trivial Lie algebra. The general solution of (16) with m = k 2 = 0 is given by the formula
where Table 1 .
In the fourth subcase m = k = 0, constraint (23) leads to the condition m 1 = m 3 = 0. However, the general solution (16) with these coefficients is obtainable from (25) 
Thus, analysis of case (iii) is now completed. (14)), so that system (13) takes the forṁ
Excluding the function ϕ from formulas (14) and taking into account (27) , one obtains
Obviously we should consider separately subcases m = 0 and m = 0. Assuming m = 0, the differential consequences of Eqs. (29) lead to the conditions
Thus, we obtain m 2 = m 3 = m 4 = 0 from (30), otherwise β = 0 and the trivial Lie algebra is obtained. The general solution of (26) with m 2 = m 3 = m 4 = 0 has the form
can be united with one arising in case 2 of Table 1 at k = 0. Assuming m = 0, one easily notes that m 1 β x = 0. If β x = 0, then m 2 = m 4 = 0 (see (30)) and the general solution of (26) has the form
where λ 2 = m 1 and λ 4 = m 3 . The relevant RDC equation is listed in case 5 of Table 1 . If m 1 = 0, then the linear equation is obtained which is a particular case of that arising in case 5 of Table 1 . Thus, analysis of case (iv) is now completed.
In quite similar way the cases with k 1 = 0 have been analyzed and the relevant equations found (see cases 6-9 in Table 1 ).
The proof is now completed. 2
Now we can apply the set of equivalence transformations (6) for simplifying the equations listed in the second column of Table 1 . The relevant transformations that remove the parameters λ 0 and λ 1 from these equations can be easily determined and are presented in the third column of Table 1 while the equations obtained are shown in the last column. Now we note that each RDC equation listed in the last column contains at least one parameter less than one listed in the second column of Table 1 .
, which are arbitrary constants, therefore we may suppose that all parameters arising in the last column are arbitrary constants. However many of them can be further reduced to the fixed value +1 or −1 by using equivalence transformations (6) with g = d 2 = 0 and correctly-specified values of the parameters κ i , i = 0, 1, 2. This procedure for each equation is rather trivial and we omit it here.
Remark 2. Table 1 is important for a wide range of those researches who is dealing with a RDC equation with the specified non-linearities and looking for possibilities to construct particular solutions using Lie machinery. The first step is to find the equation under question among those listed in the second column. Lie machinery can be successfully applied only for such equations.
Hereinafter we deal only with equations arising in the last column of Table 1 and use the old variables t, x and u for simplicity. To get the standard group classification of the RDC equation (1) now we need to find all possible Lie symmetries of each of those nine equations. It should be noted that only the first equation among those contains an arbitrary function A. However, it is the well-known non-linear heat equation and its group classification has been done by Ovsiannikov in [7] . Other eight equations contain no any arbitrary functions hence their Lie symmetries can be found by straightforward calculations using system (11) . At the present time it is rather simple tasks and we omit here this routine. Finally, 30 different equations of the form (1) and their maximal algebras of invariance (MAI) were found. To complete the classical group classification of (1) we must apply all possible equivalence transformations (6) with g = d 2 = 0 (we remind the reader that formulas (6) with g = 0 or d 2 = 0 have been already applied) for reducing coefficients of the equations obtained to the fixed values ±1 or 0. It should be noted that this process is often called dimensional analysis (see, e.g., [25] ). It turns out that many (but not all!) coefficients λ i , i = 1, 2, . . . , of the RDC equations, admitting non-trivial Lie symmetry algebras, are reducible to the fixed values ±1 or 0 by those equivalence transformations. The equations obtained and their MAI are listed in Table 2 . Among them there are three linear equations (cases 1-3 of Table 2 ), which admit infinite-dimensional Lie algebras of invariance. Note all non-linear equations were earlier found and they arise in explicit form either in [8] or in [13, 14] . However, here all those equations were simultaneously found step by step and presented together for the first time.
Thus we can formulate the theorem. Table 2 . Any other equation of the form (1) with non-trivial Lie symmetry is reduced by an equivalence transformation of the form (6) to one of those given in Table 2 .
Remark 3. In Table 2 , the following designations are introduced: Table 2 No. RDC equations MAI Constraints 
where ϕ 1 (x) and ϕ 2 (x) form a fundamental system of solutions for the ODEφ = ±ϕ, while β 1 (t, x) and β 2 (t, x) are arbitrary solutions of the linear heat equations β 1 t = β 1 xx and β 2 t = β 2 xx ± β 2 , respectively.
The group classification of the RDC equation (1) using form-preserving transformations
In this section we shall demonstrate the efficiency of using form-preserving transformations [20] for further reduction and simplification of RDC equations arising in Table 2 . It will be shown that there are only 15 RDC equations with non-trivial Lie symmetry which cannot be reduced one to another by any local substitution. So new group classification of the RDC equation (1) will be obtained. To our best knowledge it is one of the first attempts to combine the standard group classification method and finding form-preserving transformations with aim to construct some canonical list of RDC equations admitting non-trivial Lie symmetry algebras. Of course, many particular form-preserving transformations were earlier used for similar purposes (see, the relevant substitutions in [8, 13, 14, 24] ), however, here we construct a full set of form-preserving transformations for (1) and then step by step apply them to construct the canonical list of RDC equations.
Theorem 4. An arbitrary RDC equation of the form (1) can be reduced to another equation of the same form w τ = F (w)w y y + G(w)w y + H (w)
by the local transformation
with the correctly-specified smooth functions a, b and c if and only if these functions are of the form
and the following equalities take place:
Proof. Firstly we note that any form-preserving transformation (33) must be non-degenerate, i.e., the Jacobian is non-vanishing: 
Substituting (40) into (1) one arrives at a rather cumbersome expression. Let us assume (33) is a form-preserving transformation. So the expression obtained must be reduced to an equation of the form (32). In the particular case, the coefficient next to the second-order derivative w τ τ must vanish and the coefficients next to the derivatives u xx and w yy be equal, hence one obtains the system
Since the functions A(u) and F (w) do not depend on any derivatives, system (41) immediately leads to the conditions
Note (43) 
Now we substitute (44) into (1) and obtain the equation
which must coincide with (32). Taking into account (43), one can easily check that (45) is reduced to (32) if and only if
The last step is to define the function c(t, x, u). Differentiating (43) (42) and (49), we obtain the form-preserving transformations (34). Substituting finally w = α(t, x)u + β(t, x) into (46)-(48) one sees that (46) is nothing else but a differential consequence of (43) while (47) and (48) (1) and (32) into condition (4.3) of [20] and try to derive conditions (35)-(37), however, this is rather a long way.
Let us apply Theorem 4 to identify those equations from Table 2 which can be mapped one to another by a formpreserving transformation and present the results obtained in the form of Table 3 .
First of all, we stress that two equations can be locally equivalent only under condition that their MAI have the same dimensionality or are infinite-dimensional. Obviously the second and the third linear heat equations from Table 2 can be mapped to the first one. The relevant form-preserving transformations are presented in Table 3 (cases 1 and 2).
Consider the equations from Table 2 , which admit five-dimensional MAI. The fifth equation from Table 2 is mapped to the Burgers equation by the rather non-trivial transformation (case 3 of Table 3 ). This transformation was earlier found in [13] . Note one was missed in [26] where all semi-linear parabolic equations have been constructed that are reducible to the Burgers equation by local substitutions.
The 7th and 8th equations from Table 2 are mapped to the 6th one by the relevant form-preserving transformations (cases 4 and 5 of Table 3 ). These transformations were earlier found in [8] . However the non-linear heat equation u t = (u There are 9 equations admitting four-dimensional MAI (cases 9-17 of Table 2 ). Let us show that only three among them are not locally equivalent. Obviously, the equations listed in cases 9, 10 and 14 cannot be mapped one to another because condition (35) is not valid. However other equations (see cases 11-13 and 15-17) are reduced to those listed in cases 10 and 14.
Indeed, equations 11-13 from Table 2 can be written as
Let us construct a form-preserving transformation reducing (50) to the equation
Condition (35) takes the form
Conditions (36) and (37) take the forms
and Table 3 No. RDC equation Form-preserving transformation Canonical form of RDC equation 
Eqs. (54) are compatible and have the solution
Substituting (55) into (52) and (53) one obtains
Solutions of system (56) depend on the values λ 3 and λ 4 . There are three different cases, which correspond to the equations 11-13 from Table 2 and those lead to the relevant form-preserving transformations:
if λ 3 = 1 and λ 4 = ±1;
if λ 3 = 1 and λ 4 = 0;
if λ 3 = 0 and λ 4 = ±1. These transformations and equations are listed in cases 6-8 of Table 3 . Similarly, equations 15-17 from Table 2 can be written as
which is reduced to the equation
In this case condition (35) takes the form
Since the functions a, b, α and β do not depend on the variable u and a t b x = 0 (see condition (38)) we immediately arrive at
So conditions (36) and (37) are reduced to the forms
and
respectively. Splitting (64) and (65) with respect to e u we arrive at the overdetermined system
Eqs. (67) have, for example, the solution
Substituting (68) into (63) and (66) one obtains the system
to find the functions a and b. Solutions of this system also depend on the values λ 3 and λ 4 . There are three different cases, which correspond to equations 15-17 from Table 2 and those lead to the relevant form-preserving transformations. They are listed in cases 9-11 of Table 3 . Finally, we analyze 13 equations admitting three-dimensional MAI (cases 18-30 of Table 2 ). Using Theorem 4 in the quite similar way, we have found that four of them are reduced to other by the relevant for form-preserving transformations listed in Table 3 (cases [12] [13] [14] [15] . Moreover, the equation listed in case 20 of Table 2 can be slightly simplified by a non-trivial transformation (case 16 in Table 3 ). Thus we obtain only 9 equations admitting threedimensional MAI. The last step is to show that those nine equations are not reducible one to another. Applying condition (35) from Theorem 4 one sees that the equation listed in case 18 of Table 2 cannot be reduced to any other equation.
Consider the next four equations from 
In expression (71) 
In this case conditions (35) and (36) take the form
Eq. (74) immediately leads to the constraint b x = a t . Thus (73) takes the form
and then condition (37) from Theorem 4 can be easily reduced to the overdetermined system
to find the function α. System (76) Table 2 is not locally equivalent to equation 21 from this table.
Simultaneously, one sees that this equation can be reduced to (72) with λ 5 = 0 and it is exactly case 16 in Table 3 .
In quite similar way one proves that the equation listed in case 22 is not reducible neither to equation 20 nor to 21 of Table 2 . We also omit the similar analysis of equations with power and exponential diffusivities equations (cases 23-30 in Table 2 ), which leads to the form-preserving transformations and the relevant equivalent equations listed in cases 12-15 of Table 3 .
Finally, we exclude 15 locally equivalent equations from Table 2 using Table 3 and formulate the main theorem. Table 4 by the relevant form-preserving transformations Table 4 No. RDC equations MAI Constraints Table 4 .
Remark 5.
In Table 4 , r 1 is an arbitrary constant, while the pair (ae, r) = (0, ±1) (no convection term) otherwise ae = 1 and r is an arbitrary constant.
As an example we consider the equation
that is a natural generalization of the equation
which was extensively studied by Murray [1, 2] . On the other hand, (77) is nothing else but the porous-Fisher equation [2, 27] with the Burgers convective term λuu x . Note that the Murray equation (78) admits only trivial Lie algebra, its Q-conditional symmetry was established in [13] and several exact solutions were recently found in [28] . Eq. (77) admits three-dimensional Lie algebra (see case 24 in Table 2 ) and is reduced to the equation (see case 12 in Table 3 )
by the transformation
Eq. (79) is mapped to its canonical form (see case 8 in Table 4 )
by the equivalence transformation
Eq. (81) admits three-dimensional Lie algebra with the basic operators ∂ τ , ∂ y and D = τ ∂ τ − U∂ U . There are two essentially different reductions of this equation to ordinary differential equations (ODEs). The first one is to use the operator X 1 = ∂ τ + α∂ y , α ∈ R that generates the plane wave ansatz U = φ(ω), ω = y − ατ reducing (81) to the ODE
Obviously this ODE with α = 0 is integrable and its general solution can be mapped (see formulae (80) and (82)) to the particular solution of (77)
where c 1 and c 2 are arbitrary constants. The second reduction is obtained via application of the operator
that produces the ansatz U = τ −1 φ(ω), ω = y − α log τ . This ansatz reduces (81) to the ODE
Unfortunately, ODE (85) is not integrable and we found only a particular solution of the form φ(ω) = exp(−ω/α) with the specified α. This solution produces two particular solutions of (77), which are nothing else but (84) with either c 1 = 0 or c 2 = 0.
Conclusions
In this paper, new group classification of the RDC equation (1) has been derived by combining of the classical method of group classification and the form-preserving transformation approach. In consequence a list of canonical RDC equations admitting non-trivial Lie symmetry algebras has been constructed. This list contains 15 equations and cannot be shortened by any local substitution. The standard group classification of the RDC equation (1) (up to the set of equivalence transformations (6)) has been also obtained. The relevant list contains 30 equations, which are invariant with respect to the non-trivial Lie symmetry algebras (see Table 2 ). We have proved that exactly 15 equations among them are reduced to other equations listed in Table 2 by the form-preserving transformations. These equations and transformations are presented in Table 3 . It should be noted that those form-preserving transformations were derived earlier in [8] (the case B(U ) = 0) and [13, 14] (the case B(U ) = 0), however, for the first time we have shown here how all such transformations can be constructed step by step using Theorem 4. Moreover, one can conclude that any RDC equation (1) admitting non-trivial Lie symmetry algebra must be mapped to one of the equations listed in Table 4 by an equivalence transformation (6) and/or a form-preserving transformation listed in Table 3 .
It should be stressed that the standard method of Lie symmetry classification of differential equations suggested by Ovsiannikov [22] is based on the classical Lie scheme and a set of equivalence transformations of a given equation. The formal application of this method to the class of Eqs. (1) leads to the thirty RDC equations admitting three-, four-, five-and infinite-dimensional Lie algebras. New approach for Lie symmetry classification of RDC equation (1) suggested here is based on the classical Lie scheme and on finding and then making essential use of form-preserving transformations [20] . This approach allows to reduce essentially the number of the equations admitting non-trivial Lie algebras of invariance. Note that only a subset of form-preserving transformations can be successfully used for such Lie symmetry classification. On the other hand, the form-preserving transformations allow to construct also discrete point transformation, which admit many evolution equations (see [20] and references therein) and which are not obtainable by using the classical Lie method.
It can be noted that both Lie symmetry classification methods can lead to the same result for some simple classes of differential equations. The nice example is the non-linear heat equation (3) . One easily notes, that Table 4 (see cases 3-5 and 7) contains all the cases derived in [7, 22] , i.e., they are not reducible one to another by any formpreserving transformation. In other words, there is enough to find only the group of equivalence transformations for the non-linear heat equation (3) and the complete Lie symmetry classification can be derived by direct applying the classical Lie method. However, the RDC equation (3) is not this case because Ovsiannikov's method of Lie symmetry classification leads to 30 different equations (see Table 2 ) while the approach used here reduces this list up to 15 equations (see Table 4 ).
In an implicit form this approach was applied for Lie symmetry classification of reaction-diffusion systems in the recent papers [17, 18] . It was proved that there are only 10 non-equivalent reaction-diffusion systems with variable diffusivities admitting non-trivial Lie symmetries and this list cannot be shortened.
Finally, we note an open problem: Is it possible to derive similar lists of canonical equations admitting non-trivial Lie symmetry algebras for the more general classes of equations than (1), including multi-component systems ? We are going to return to this problem in a forthcoming paper.
